A proof of the Riemann hypothesis using the reflection principle ζ(s) = ζ(s) is presented.
Introduction
The Riemann zeta-function ζ(s) can be defined by either of two following formulae [1] ζ(s) = ∞ n=1 1 n s (1) where n ∈ N, and
where p runs through all primes and ℜ(s) > 1. By analytic continuation ζ(s) is defined over whole C.
The relationship between ζ(s) and ζ(1 − s) ζ(s) = 2 s π s−1 sin
is known as the functional equation of the zeta-function. From the functional equation it follows that ζ(s) has zeros at s = −2, −4, −6, . . . . These zeros are traditionally called trivial zeros of ζ(s); the zeros of ζ(s) with ℑ(z) = 0 are called non-trivial zeros. From the equation (2), which is known as Euler's product, it was deduced that ζ(s) has no zeros for ℜ(s) > 1. The functional equation implies that there are no non-trivial zeros with ℜ(s) < 0. It was deduced that there are no zeros for ℜ(s) = 0 and ℜ(s) = 1. Therefore all non-trivial zeros are in the critical strip specified by 0 < ℜ(s) < 1.
Since that ζ(s) is real on the real axis we have by the reflection principle
Therefore the non-trivial zeros lie symmetrically to the real axis and the line ℜ(s) = 1 2 . In 1859 Riemann published the paper Ueber die Anzahl der Primzahlen unter einer gegebenen Grösse. A translation of the paper is found in [2] . In the paper Riemann considers "very likely" that all the non-trivial zeros of ζ(s) have real part equal to 1 2 . The statement
The non-trivial zeros of ζ(s) have real part equal to 1 2 .
is known as the Riemann hypothesis.
2 Theorem
and
From (5) and (10) we obtain
and 
and v(n) = cos(t log(2n)) (2n) The k-th part of (20) is
where k > 1. From (22) we can obtain the k-th part of (21)
The left side of (23) obtained from (21) is
Comparing (23) with (24) we conclude
for all k > 1. Therefore δ is equal to zero. Proof: Let us assume z to be such that 0 < ℜ(z) < 1, ℑ(z) = 0 and
If z is a non-trivial zero of ζ, then (26) and (27) are necessary conditions. The Dirichlet series
is convergent for all values of s such that ℜ(s) > 0 [1] . For z we have
From (26), (27) and (29) we obtain
If z is a non-trivial zero of ζ, then 
